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Abstract
In the absence of dark matter, the dynamical and kinematical inter-
pretations of the special relativistic spacetime have been and still are the
topic of philosophic debate, which whilst fertile, is by and large of little
predictive power. This changes dramatically if the debate includes a dark
matter candidate in a “non-trivial” extension of the standard model. Here
I argue that rods and clocks made out of dark matter may not reveal the
same underlying algebraic structure as the rods and clocks made out of
standard model particles. For the sake of concreteness I here exemplify the
argument by looking at a particular dark matter candidate called Elko.
Inevitably, one is led to the conclusion that gravity within the dark sec-
tor, and at the interface between dark matter and standard-model matter,
may deviate from the canonical general relativistic predictions. For Elko
dark matter such effects will be of second order in the sense that they
will depend only on the angular momentum and spin of the gravitational
environment.
Essay written for the Gravity Research Foundation 2009
Awards for Essays on Gravitation; submission date: 31
March 2009; Selected for an “honorable mention” 15 May
2009.
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In the dynamical interpretation of the spacetime of special relativity (SR),
Lorentz algebra (L) emerges as a property of the standard-model (SM) fields,
and not as an intrinsic attribute of spacetime itself [1]. The Lorentz algebra
describes not only the spinorial characteristics of the SM matter, but also the
four-vector character of the Einsteinian spacetime. That is, rods and clocks
made of SM material reveal the symmetries underlying the material they are
made of, rather than other way around where spacetime is a kinematic element
and its symmetries dictate what matter fields can exist.
However, as long as there was no inkling of dark matter, the dynamical inter-
pretation of spacetime and its kinematical counterpart were entirely a matter
of philosophic debate. However, as shall be argued here, recent work on the
quantum field theory of Elko dark matter suggests a logical corollary to the
dynamical proposition [2, 3, 4, 5, 6, 7, 8, 9]: rods and clocks made out of dark
matter may not reveal the same underlying algebraic structure as do rods and
clocks made out of the standard model particles.
The proof of this corollary is subtle and requires a self contained technical
presentation of the Elko quantum field. For the sake of expediency we shall
here confine to a heuristic argument that may suffice to convince the reader
that the present suggestion is a valid one.
Outline of an algebraic derivation of special relativistic boosts and
rotations.
First let us take a brief walk through the familiar territory of the SM matter
fields and the realm of SR. In the process we shall arrive at the outline of an
algebraic derivation of special relativistic boosts and rotations. The task of this
excursion is to show with an element of transparency as to how the symmetries
of the underlying matter determines the properties of the emergent spacetime.
This gives the dynamical interpretation of special relativity a concrete form and
allows us to suggest the said corollary.
All standard model matter fields are described by the Dirac quantum field.
Since our immediate interest is to construct the classical, rather than a quan-
tum spacetime, we will only consider the Dirac spinors.1 These four-component
spinors are a direct sum of the massive two-component Weyl spinors of the
right and left-handed type. In an argument spanning several chapters, Wein-
berg shows that the Dirac rest spinors must have a very specific form in which
the left-transforming and the right-transforming Weyl components of the Dirac
spinors carry matching helicities [10]. He further arrives at the conclusion that
the global phase associated with these spinors cannot be arbitrary, but must
take a set of very specific values in order that the field operator transforms
1The presented exercise is also suggestive of a new procedure for constructing a quantum
spacetime.
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unitarily between the inertial frames of SR, and in order that locality be pre-
served.2 Thus the special relativistic demand of locality is incorporated in the
description of SM fermions through a very specific choice of phases in the SM
matter fields. This is beyond the naive assumption that Dirac spinors chosen
simply as solutions of the Dirac equation will yield a local quantum field that
corresponds to a unitary representation of the inhomogeneous Lorentz group.
To further understand the relation between Dirac spinors and SR spacetime,
note that the boost transformation for the right-handed Weyl spinors is associ-
ated with the boost generator −iσ/2 and reads3
κr = exp
(
+
σ
2
· ϕ
)
=
1√
2m(E +m)
[(E +m)I+ σ · p] (1)
Similarly, the boost transformation for the left-handedWeyl spinors is associated
with the boost generator +iσ/2 and is
κℓ = exp
(
−
σ
2
·ϕ
)
=
1√
2m(E +m)
[(E +m)I− σ · p] (2)
Analogous expressions can be written for the spinorial transformation matrix
for rotations. These can be obtained by taking note that both the right and
the left-handed Weyl spinors are associated with the rotational generator σ/2.
The rotational transformation matrix for Dirac spinors is simply the direct sum
ζDirac := ζr ⊕ ζℓ, where
ζr = ζℓ = exp
(
i
σ
2
· θ
)
(3)
The boost operator for the Dirac spinors is the direct sum κr ⊕ κℓ.
This is all very familiar. In fact, had one arrived at L through experiments
on electrons, one could have arrived at the relativity of spacetime in a more
transparent way; or at least in a manner that manifestly reflects the emergence
of spacetime from the underlying matter fields. To illustrate, let us take the
convention where the spacetime four vectors are represented as xµ := {t, x, y, z}.
Then the boost and rotation matrices of SR in terms of κr, κℓ, ζr, and ζℓ read
α [κr ⊗ κℓ]α
−1, α [ζr ⊗ ζℓ]α
−1 (4)
with α given by
α =
√
1
2


0 i −i 0
−i 0 0 i
1 0 0 1
0 i i 0

 (5)
2This is not well known, and numerous textbooks suffer from errors that can be traced
back to this neglect. Among the few books that do not suffer from this ailment the reader
may consult Srednicki’s classic [11].
3Most of the notation is standard, and is defined in references [2, 3]. In particular, ϕ is the
boost parameter, and θ represents the rotational parameter. The σ are the standard Pauli
matrices.
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The reader may wish to verify that the above two expressions coincide with the
Einsteinian results for SR. The generators associated with κr ⊕ κℓ and ζr ⊕ ζℓ
satisfy the Lorentz algebra, as do those associated with κr⊗κℓ and ζr⊗ ζℓ. The
need for α is simply to respect the standard co-ordinate convention.
This brief review and outline thus serves to bring out the algebraic harmony
between the spinorial properties of the SM matter fields and the Einsteinian
spacetime of SR. The important observation is that for the Dirac spinors both
the right- and left- Weyl components carry same helicity.
Towards a relativity of Elko dark-matter rods and clocks.
The starting point of the Elko quantum field is a complete set of eigenspinors of
the spin one half charge conjugation operator, C. These are obtained from the
observation that if φℓ(p) transforms as a left -handed (massive) Weyl spinor then
(a) under a Lorentz boost, ηΘφ∗ℓ (p) transforms as a right -handed Weyl spinor
(where η is an unspecified phase to be determined below and Θ is Wigner’s
time reversal operator for spin one half, Θ [σ/2]Θ−1 = − [σ/2]
∗
); and (b) the
helicity of ηΘφ∗ℓ (p) is opposite to that of φℓ(p). The phase η is fixed to be ±i
by demanding that
χ(p) =
(
ηΘφ∗ℓ (p)
φℓ(p)
)
(6)
be eigenspinors of C with eigenvalues ±1. A simple calculation shows that
unlike the Dirac spinors of the SM, the χ(p) are not eigenspinors of the γµp
µ
operator [12, 3]; and hence do not satisfy Dirac equation. This, along with
the results that followed, had a series of potentially important theoretical and
phenomenological consequences. Our excitement is noted in the opening and
concluding lines of the abstract of our PRD paper. These read [2]
We report an unexpected theoretical discovery of a spin one-half
matter field with mass dimension one. ... Its dominant interaction
with known forms of matter is via Higgs, and with gravity. This
aspect leads us to contemplate it as a first-principle candidate for
dark matter.
The details appeared in a 2005 JCAP paper [3] with additional insights reported
in [13].
The uniqueness of the Dirac quantum field – modulo the 1937 observation of
Majorana [14] – within the context of the inhomogeneous Lorentz spacetime
symmetries is apparent from the noted work of Weinberg. This immediately
raises the question as to how the Elko quantum field be accommodated within
inhomogeneous Lorentz symmetries. The rough answer is that just as certain
solutions of a wave equation need not exhibit the symmetries underling the
4
wave equation, certain quantum fields may not carry the full symmetries of the
underlying algebraic structure – the violation may be similar to spontaneous
symmetry breaking in the SM physics, or something not yet fully known. The
Elko construct demands that the Lorentz spacetime symmetries must be vio-
lated, or modified, without changing the generators from their special relativistic
form.
Concluding remarks.
The Elkonian special relativity necessarily suggests an as-yet-unknown modifi-
cation of general relativity for the Elkonian dark sector and its interface with the
SM matter and gauge fields. It is already apparent that these deviations from
GR shall be second order. Second order, in the sense that these shall depend on
the angular momentum and the spin content of the gravitational environment
with as yet to be deciphered consequences for astrophysics and cosmology. Yet,
these effects may already be present in the high-precision cosmic microwave
background data [15, 16, 17].
On the more urgent side, understanding the violation of the canonical rotational
symmetry by the Elkonian dark sector remains an outstanding preoccupation.
Insights in this regard are emerging from the work reported in this essay.
The arguments that I have outlined here are far from complete. However, I hope
this essay serves the purpose of convincing the reader that the rods and clocks
made out of dark matter – which need not be Elko – may not reveal the same
underlying algebraic structure as the rods and clocks made out of the standard
model particles.
Since this essay was first written, we have discovered that the said violation of
the Lorentz symmetries happens through the introduction of a preferred axis
along which Elko quantum field becomes local. This work shall soon be reported
in a separate publication.
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